A dislocation-based boundary-element method (BEM) is presented to provide solutions to the crack problems in anisotropic half-planes. The boundary of the half-plane is first modeled by a dislocation array, which is then discretized into boundary elements. Each element is simulated as a continuous dislocation array with linear distribution between the two element nodes. As a result, the singular integral equations derived from the continuous dislocation method for each element can be solved analytically. After the dislocation densities at the element nodes are determined from the prescribed traction forces along the half-plane boundary, the elastic solution of the halfplane can be calculated. Two basic solutions for an anisotropic half plane, that is, traction boundary solution and dislocation solution, are derived and compared with the analytical solutions. These solutions are then applied to solve crack problems in the half-plane subjected to different loading. The results from the dislocation-based BEM are compared with those from the analytical solutions to verify the described BEM. Excellent agreements are achieved for all of the cases.
I. Introduction
T HE continuous dislocation technique has been widely used in fracture mechanics to evaluate the crack-tip stress intensity factors. Two basic elastic solutions, the boundary traction solution and the dislocation solution, must be available in order to apply the continuous dislocation method to solve crack problems. Because the number of dislocation solutions for different geometries are limited, the application of the continuous dislocation technique is restricted to well-defined structures and geometries such as infinite plane, half-plane, bimaterial infinite plane, infinite plane with circular inclusion, etc. Several researchers managed to obtain the dislocation solution in either isotropic or orthotropic finite strip by introducing an additional elastic field expressed in Fourier transform.
1−3 A hybrid boundary-element method (BEM) was proposed by Chandra et al. 4 and Jiang et al. 5 to handle the finite geometry. In their studies, the microcracks were simulated by dislocation arrays, whereas the boundary tractions were calculated by conventional BEM. The two solutions were then combined to solve the problem of microscale cracks in macroscale structures. Huang and Kardomateas 6 presented a method to calculate the dislocation solution in an anisotropic infinite strip, which used a dislocation array to enforce the traction-free conditions at the boundary of the anisotropic strip. This method involves integrations over the infinite straight boundary, and Gaussian quadrature is employed to solve the singular integral equations.
Another application of the continuous dislocation technique that did not get much attention is in solving boundary traction problems. A surface dislocation method was proposed by Jagannadham and Marcinkowski 7 to calculate the stress fields of a finite body subjected to either applied stresses or internal stresses. Sheng 8 applied the dislocation distribution method to solve a two-dimensional elastostatics problem with a closed boundary. In his study, the integration over the closed boundary is solved numerically by the Lobatto-Chebyshev formula. 9 The applications of the continuous dislocation method to both crack problems and boundary-traction problems essentially result in solving a series of singular integral equations. The Gaussian-Chebyshev method 10 and Lobatto-Chebyshev method 9 are two most commonly used numerical methods to reduce the singular integral equations into linear algebraic equations. Based on complex potentials, Cheung and Chen 11 and Zang and Gudmundson 12 introduced a boundary integral equation method for kinked cracks in infinite planes and half planes.
A dislocation-based BEM is presented in this paper to solve the singular integral equations generated from the formulation of the dislocation solution and the boundary traction solution. Unlike the methods just mentioned, the proposed dislocation-based BEM employs dislocation arrays to solve both the boundary problem and the crack problem. The boundary of the finite body is simulated by boundary elements that have a linear distribution of dislocations between the nodes. The resulting integral equations for each element can be solved analytically, which reduces the complicated integral equations into a problem of solving linear equations. The conventional continuous dislocation method is employed to calculate the mixed-mode stress intensity factors for cracks in an anisotropic halfplane. The dislocation-based BEM has the flexibility to simulate the two surfaces, that is, the boundary and the crack surfaces, with different arrays of dislocations. To take advantage of this, one can assign coarse dislocations along the nonsingular surface such as the boundary surface and the crack surface that is far away from the crack tip and assign dense dislocations close the singular point, for example, the crack tip, and thus reduce the calculation burden required by other conventional finite element methods and BEM approaches. Because of this kind of flexibility, the method is well suited to solve multiscale situations, where the cracks are several orders smaller than the body they reside in.
Even though the present paper deals with the application of the dislocation-based BEM to anisotropic half-planes subjected to boundary traction forces, the proposed BEM approach can be easily extended to solve crack problems in anisotropic finite structures with arbitrary geometries and loadings.
II. Formulation
As shown in Fig. 1 , the boundary of a half-plane can be modeled as a dislocation array in an infinite plane. If the traction forces along the x axis in the infinite plane caused by the dislocation array equal the external traction forces applied at the half-plane boundary, then the elastic solution of the upper infinite plane as a result of the dislocations is equivalent to the elastic solution of the half-plane subjected to the prescribed external forces. The idea is very simple; however, it is not an easy task to determine the dislocation distributions along the boundary because the solution usually involves singular integrations from −∞ to ∞. In this paper, we will present an efficient boundary-element method to overcome the difficult of solving the singular integral equations.
A. Dislocation Solution in an Anisotropic Infinite Plane
The analytical solution for a dislocation in an anisotropic infinite plane can be found in Lee 13 and is summarized in Appendix A. The stress components at (x, y) as a result of a dislocation b m at (x 0 , y 0 ) can be written in real form as
The physical meaning of f mi j (x, y, x 0 , y 0 ) are the stress components
y and are expressed as follows:
where A mi j , B mi j , C mi j , and D mi j are functions of the material constants (Appendix A).
B. Anisotropic Half-Plane Subjected to Boundary Traction Forces
The continuous dislocation method has been used extensively for crack problems in anisotropic domains. In this section, we will apply the dislocation technique to solve another problem, that is, an anisotropic half-plane with prescribed load applied at the boundary. An unknown distribution of dislocations is assigned along the x axis of an infinite plane to simulate the boundary of the half-plane, as shown in Fig. 1 . Assuming that the distribution of the dislocation densities is b m (t, 0) and is continuous from −∞ to ∞, then the traction forces along the x axis caused by the dislocation array are
Because the elastic fields of a dislocation in the infinite plane are in self-equilibrium, it is reasonable to assume that the dislocation densities are zero for those portions along the boundary that are far away from the applied traction forces. Thus, the integration can be truncated to an interval [a, b] , which depends on the prescribed load. As a result, Eq. (3) can be rewritten as
To solve the singular integral in Eq. (4), interval [a, b] is discretized into N boundary elements with two nodes at each end, as shown in Fig. 1 . For the boundary element k, the coordinate of the first node is t k , the second node is t k + 1 , and the length of the element , respectively, and the dislocation distribution along the boundary element is assumed to be linear, that is,
Discretizing the integration equations (4) and substituting into Eq. (5), we obtain
where
The first superscript of I
represents the kth boundary element, and the second superscript represents the (k + 1)th node. The solutions for these two singular integrations are analytical and are given in Appendix B.
The unknown dislocation densities at the nodes b k m , k = 1, . . . , N + 1 are determined from the prescribed load T i j along the half plane boundary, that is,
Expressing Eq. (8) in matrix form, we have
where x l are the collocation points. In this study, two collocation are chosen for each boundary element, that is,
The dislocation density at each node is determined from Eq. (9) as
The stress components at point (x, y) in the upper infinite plane as a result of the dislocations can be calculated as
which are equivalent to the stress components in the half-plane as a result of the prescribed traction forces T i j (x, 0).
C. Dislocation Solution in an Anisotropic Half-Plane
The elastic fields of a dislocation in an anisotropic half-plane can be decomposed into two elastic fields in an infinite plane, as shown in Fig. 2 . The first one is an infinite plane with a single dislocation located at (x 0 , y 0 ), and the dislocation generates residual stresses σ (s) i j (x, 0), i j = x y, yy along the x axis. The second infinite plane is subjected to traction forces along the x axis that are the opposite of the residual stresses in the first infinite plane. When we superimpose these two infinite planes together, the traction forces along the x axis cancel out, and the elastic fields of the upper infinite plane are equivalent to the elastic fields of a dislocation in an anisotropic half-plane. Thus, the elastic solution for a dislocation in an anisotropic half-plane is the superposition of the solutions presented in Secs. II.A and II.B, that is,
Fig . 2 Single dislocation in a half-plane as a superposition of two infinite planes.
where (15) into Eq. (12), we obtain
Because of the linearity of the elastic fields of a dislocation, we can express b
The physical meaning ofb 
Similarly,
The elastic fields of a single dislocation in an anisotropic halfplane can thus be expressed as
wherẽ
D. Applying Dislocation Solution to Crack Problems in Anisotropic Half-Planes
Based on the implementation of Bueckner's 14 theorem, an anisotropic half-plane with a crack subjected to traction forces can be decomposed into two half-planes without a crack, as shown in Fig. 3 . In the first half-plane, the crack is replaced by a dislocation array, and the boundary is free of traction forces. The second half-plane is simply a perfect half-plane subjected to external traction forces. The dashed line stands for the location of the crack.
To satisfy the crack surface traction-free conditions, the dislocation densities in the first half-plane should be determined such that the traction forces along the dashed line caused by the dislocation array should cancel out the traction forces along the dashed line as a result of the external tractions in the second half-plane. The crack-tip stress intensity factors can then be calculated from the dislocation densities at the crack tip. As the dislocation solution and the boundary traction solution for an anisotropic half-plane have been derived in the preceding two sections, the procedure to solve the crack problems are conventional. Interested readers can refer to Hill et al. 15 and Huang and Kardomateas. 6 
III. Results and Discussion
This paper is intended to describe a new dislocation-based BEM. Anisotropic half-plane is chosen to study here because both the analytical boundary traction solution and dislocation solution in an anisotropic half-plane are known. All of the results obtained using the dislocation-based BEM are compared with the analytical solutions to verify this method.
A. Elastic Fields of an Anisotropic Half-Plane Subjected to Boundary Traction Forces
The example we studied in this section is an anisotropic half-plane with a moment applied at the boundary, as shown in Fig. 4 . The material is a typical graphite/epoxy unidirectional fiber-reinforced composite with elastic constants: E L = 170.65 GPa, E T = 55.6 GPa, G LT = 4.83 GPa, and µ LT = 0.1114, where L and T are the directions parallel and perpendicular to the fibers, respectively. The fiber direction is aligned with the x axis that is, fiber orientation θ = 0. A moment M = 1 is simulated by a linear distributed load applied from p = −1 to q = 1; thus, the traction forces along the boundary are
The comparison of results from dislocation-based BEM and the analytical solution 16 are shown in Fig. 5 . N is the total number of boundary elements. Obviously, we achieved a very good agreement between these two groups of results.
B. Elastic Fields of an Anisotropic Half-Plane with a Dislocation
The stress components σ yy in an anisotropic half-plane because of a dislocation located at x 0 = 0, y 0 = 0.5 are listed in Table 1 . Here we compare the results from different meshing with the analytical solution as well as the results from solving the singular integral equations (4) by Gaussian quadrature. 6 The integral interval [a, b] in Eqs. (4) [5, 10] , and [10, 50] , and each subinterval is then discretized into N /6 boundary elements, where N is the total number of boundary elements. [2, 10] , and [10, 50] . Because the residual traction forces caused by the dislocation are concentrated around x = 0 and decay rapidly as |x| increases (Fig. 6) , the third meshing is the best as the elements around x = 0 are shorter and can simulate the residual traction forces better than other methods. For the Gaussian quadrature method, the dislocation points and the collocation points are calculated from a given formula. 6, 15 Because most of the dislocation points are distributed near the two ends of the interval and less points around x = 0, more nodes are required to achieve the same accuracy. (N in Table 1 for Gaussian method is the total number of dislocation points.) We can draw the conclusion here that the dislocation-based BEM is more flexible and efficient because we can adjust the locations of the dislocation and collocation points according to the external traction forces.
C. Crack Problems in an Anisotropic Half-Plane
The first example we studied is that of a half-plane with an edge crack perpendicular to the boundary. The crack surface is loaded with uniform tensile stress σ , as shown in Fig. 7 . Table 2 is a list of normalized stress intensity factors (SIF) for a crack of length a = 5. The SIFs are normalized as
The boundary is discretized symmetrically about the y axis, and only the meshing of the positive half boundary is shown in Fig. 7 . Also, t = ±L are the cutoff points of the integral in Eq. (4), and L 1 and L 2 are the lengths of the first two subintervals and
is the length of the third subinterval. The total number of elements for the positive halfboundary is N , and N 1 and N 2 are the total numbers of elements in Table 1 subintervals 1 and 2, respectively. The analytical SIF is calculated from the analytical dislocation solution. The errors between the SIFs from the boundary-element method and the analytical method are less than 4% for all meshing schemes. Furthermore, where the integral is truncated has a slight effect on the SIF. For L = 100, a total of 50 elements in the positive half-boundary is adequate to achieve accurate results.
In the second example, the half-plane is subjected to two symmetric bending moments M at a distance d from the edge crack (see Fig. 8 ). The fiber orientation is chosen to be 45 deg. Unlike the first example, we need two elastic solutions to solve the second crack problem. As shown in Fig. 8 ------------1.041 --a The crack surface is loaded with uniform tensile stresses σ , and the fiber orientation θ = 0 deg. Fig. 8 . In Fig. 9 , we compare the normalized mixed-mode SIFs calculated from the BEM with those from the analytical solutions. Again, the dislocation-based BEM yields very good results.
IV. Conclusions
The presented results indicate that the dislocation-based BEM is very accurate and efficient in providing solutions to crack problems in anisotropic half-planes. This method can be extended to study crack problems in anisotropic finite domains with arbitrary boundary tractions.
A j constitute the solution of the following equations: 
